This paper studies the robust stability of teleoperation systems based on the 2-channel force-force (FF) control architecture, modelled by frequency domain or passivity techniques. More precisely, delay-dependent conditions are given as LMIs derived from Lyapunov-Krasovskii functionals. We show that the teleoperation systems are stable under specific LMI conditions. This stability is guaranteed in the presence of admissible uncertainty and neutral-type differential-delayed equations, that is, with time-varying delays in the states and their derivative. To evaluate the theoretical analysis, some numerical simulations are presented.
Introduction
A teleoperation system consists of a master, that is manipulated by a human operator, and a slave, which is designed to track the master movements in a remote environment. For this, information is transmitted between master and slave via specific communication channels. The main concerns in the analysis and synthesis of these systems are its stability and performance, given in terms of tracking capabilities. Teleoperation has challenged researchers in both control theory and robotics over the last few decades. The breakthrough was achieved in [1] where the concepts from scattering theory, passivity and network theory were used to derive a control law which guaranteed stability [2, 3, 7, 8, 16, 14, 15] . The robust stability criteria for teleoperation system with time-delay can be found in [4] . All of them are delay-independent analysis methods. In this paper, we present a delay-dependent robust stability criteria for teleoperation system with admissible uncertainties, that can be described by neutral differential equations. The particularity of this neutral systems is the existence of delays in both the state vector and its derivative. It has been shown that these neutral systems are particularly sensitive to delays and can be easily destabilized [13, 9] . Motivated by the integral inequality and the Lyapunov-Krasovskii approach [10] , we develop in this paper new results for robust stability of teleoperation systems for time varying delays. The results are expressed in terms of LMIs that can be easily solved using dedicated solvers [6] , providing estimations of the maximum allowable delays. The study is organized as follows. In Section 2 an overall description of teleoperation systems is introduced. In Section 3, we represent the system equations in state-space model and present a delay-dependent Lyapunov stability analysis by using LMI. In section 4, we extend the proposed criteria to the robust case. Section 5 presents simulation results that support the theoretical work and conclusion is drawn in Section 6.
Teleoperation modelling
A bilateral teleoperation system consists of the master and slave mechanical systems, often with control loops at each manipulator. Thus, the system can be represented by the block diagram of Fig. 1 . The variables are F h , the force applied by human operator, F e , the contact force with the environment, F mc and F sc , which are the forces computed by the local master/slave control algorithms. So the forces F m applied to the master and F s applied to the slave can be defined as:
(1) Fig. 1 . General control scheme in teleoperation.
The blocks labelled Master, Slave in that figure represent the dynamics of the master and slave manipulators. This scheme also includes the signal flow through the communication channel, characterized by a transmission delay τ (t). In general, the exchanged variables among the blocks are velocity and force. The master and slave dynamics can be described by
where M i and B i are the manipulator's inertia and damping coefficients, while F i and ν i are the force and velocity. The subscripts i = m and i = s indicate the master and slave manipulators, respectively. Furthermore, a time-varying transmission delay in the communication channel is considered. The study focuses on a specific control scheme belonging to two-channel architectures [12] : Force-Force control (FF). This scheme is derived from the general four-channel transparency-optimized controller [12] . In the Force-Force (FF) architecture the local controllers are given as follows:
3 Delay-dependent stability for linear neutral systems
The goal of our design is to ensure the stability of the teleoperation system using the LMI framework, so that position and forces of master and slave track each other, even in the presence of the inherent time-varying delay. Substituting (2) and (3) into (1) for nominal conditions (F e = 0) and taking
, where x m is the master position, x s is the slave position, ν m is the master velocity and ν s is the slave velocity gives (4) and
The state-space vector x(t) ∈ n is defined as:
From x s (t) = ν m (t), the closed-loop state equations of the system becomė
where
The relations between positions and velocitiesẋ m (t) = ν m (t),ẋ s (t) = v s (t) provide the first and third model equations in (7) . The delay parameter is assumed to be an unknown time-varying function that satisfies for all t ≥ 0:
The bound d is strictly smaller than one to ensure causality: see [7] ).The initial condition of system (7) is given by
Definition 1. (see [11] ) This operator D is said to be stable if the zero solution of the homogeneous difference equation is uniformly asymptotically stable:
Remark 1. A necessary condition for stability is that the system (7) with n state variables (6) must be Hurwitz stable for zero delay, that is, all the eigenvalues
with an adequate selection of parameters verify:
The teleoperation system (7) with state vector defined in (6) is stable for any delays τ (t) and τ d of the communication channel, if there exist symmetric positive definite matrices P = P T > 0, Q = Q T > 0, R = R T > 0 and W = W T > 0, appropriately sized matrices N i and T i , i = 1, 2 such that the LMI shown in (12) holds
where 
It is clear that this functional is positive definite. Taking the derivative of this function we have thaṫ
From (8), it is clear that
Applying the integral inequality of the Lemma in [10] to the term on the right hand side of (15) for any N 1 , N 2 yields the following integral inequality:
For any matrices T 1 and T 2 and nominal conditions f h = 0, the following relation is true:
Then, adding this term on the left toV (t) and substituting (15) and (16) into (14), we obtaiṅ
Thus, if the following inequality holds:
Using the Schur complement we obtain Ω < 0 , which guaranteesV < 0, so the teleoperation system is asymptotically stable, which completes the proof.
Robust stability analysis
Friction forces and other interaction of the system with the environment may appear on the system as uncertainties. Thus, we now consider uncertain teleoperation system as followṡ
Where matrices ∆A 0 , ∆A 1 and ∆C characterize the uncertainties in the system and satisfy the following assumption.
Where D, E 0 , E 1 and E 2 are constant matrices defining how the uncertainty enters in the model, F (t) ∈ i×j (i, j integers) is an unknown real timevarying matrix function of uncertain parameters' measurable elements such that F T (t)F (t) ≤ I. Before moving on, we introduce a lemma used to take uncertainties into account.
Lemma 1.
[17] Let D, E and F (t) be real matrices of appropriate dimensions, with F ≤ I. Then, for any scalar ε > 0, the following inequalities will be true: 
T > 0 and W = W T > 0, appropriately sized matrices N i and T i , i = 1, 2 and positive scalar ε such that the LMI given in (22) holds
Proof 2. By replacing A 0 , A 1 and C with A 0 + ∆A 0 , A 1 + ∆A 1 and C + ∆C, respectively, in (12) we have
According to Lemma 1, (23) holds if there exists ε > 0 such that
Thus, by the Schur complement, (24) is equivalent to (22) of the Theorem 2. Remark 2. The method proposed in [5] , do not allow us to check the robust stability with time-varying delay for teleoperation systems. In this paper, a delay-dependent robust stability criteria for teleoperation system with admissible uncertainties and time-varying delay is derived. The results are developed by using the integral inequality and Lyapunov-Krasovskii approaches [10] that have the potential to give less conservative results.
5 Numerical examples
Teleoperation system
To illustrate the validation of our proposed method, consider the teleoperation system with the following parameters, given in [5] : 
Case 1: Constant time delay
In [5] , it was found that the teleoperation system was stable for a maximum delay τ = 10.7. Using Theorem 1, we obtain the feasibility of the condition (12) even with a delay τ = 10 6 . It is obvious that our result is less conservative than that in [5] . The evolution of the state variables with F h = 1, F e = 0 and the constant time delay τ = 20 is shown in the following figures: Fig. 2 . Evolution of Master position x m (rad) in the FF scheme. 
Uncertain teleoperation system with time-varying delay
Now, let the system be subject to norm-bounded uncertainties of the form (20) with
Using Theorem 2, we found that the uncertain teleoperation system is robustly stable for a maximum delay h m = 0.099 and d = 0.918, with the following solution: It can be seen that the teleoperation system is robustly stable under timevarying delay and admissible uncertainties. The simulations demonstrate the validity of the methodology presented by this paper.
Conclusions
The problem of stabilizing an uncertain teleoperation system in the presence of time-varying delays in the communication channel is addressed. In this context, we have applied previous result for delay-dependent stability in terms of LMI based on the theory of Lyapunov-Krasovskii functional for time-varying delays, that also take into account bound on the delay derivatives, to reduce conservativeness. Then, the results were extended to consider systems affected by norm-based bounded uncertainty. A numerical example was used to show the feasibility of the proposed methodology.
